At the heart of the Conway-Kochen Free Will Theorem and Kochen and Specker's argument against non-contextual hidden variable theories is the existence of a Kochen-Specker (KS) system: a set of points on the sphere that has no {0, 1}-coloring such that at most one of two orthogonal points are colored 1 and of three pairwise orthogonal points exactly one is colored 1. In public lectures, Conway encouraged the search for small KS systems. At the time of writing, the smallest known KS system has 31 vectors.
Introduction

The experiment
Consider the following experiment. Shoot a deuterium atom (or another neutral spin 1 particle) through a certain fixed inhomogeneous magnetic field, such as that in the Stern-Gerlach experiment. The particle will then move undisturbed or deviate. What we have done is measure the spin component 1 of the particle along a certain direction. This direction depends on the specifics of the field and the movement of the particle.
Quantum Mechanics only predicts the probability, given the direction, whether the particle will deviate. Its probabilistic prediction has been thoroughly tested. One wonders: is there a deterministic theory predicting the outcome of this experiment?
Kochen and Specker have shown that such a non-contextual deterministic theory must be odd: it cannot satisfy the plausible SPIN axiom, that is: SPIN Axiom [5] . Given three pairwise orthogonal directions. In exactly one of the directions, the particle will not deviate.
Their argument is based on the existence of a Kochen-Specker system. * This is a condensed version of the article to be published in Ohmsha-Springer's New Generation Computing. One can find a preprint of the full version at http://westerbaan.name/~bas/math/ks.pdf 1 As we are only interested in whether the particle deviates or not, we actually only consider the square of the spin component.
Definition 1.
A Kochen-Specker (KS) system is a finite set of points on the sphere 2 for which each pair is not antipodal and there is no 010-coloring. A 010-coloring is a {0, 1}-coloring of the points such that 3 1. no pair of orthogonal points are both colored 1 and 2. of three pairwise orthogonal points exactly one is colored 1; or alternatively: they are colored 0, 1 and 0 in some order.
A point on the sphere obviously corresponds to a direction in space. Because of this, the term point, vector and direction can be used interchangeably. Antipodal points correspond to opposite vectors and these span the same direction in space. Suppose there is a KS system and a non-contextual deterministic theory satisfying the SPIN Axiom. Then we color a point of this system 0, whenever this theory predicts that the particle will deviate if the spin is measured in the direction corresponding to that point, and 1 otherwise. Given two orthogonal points of the system, we can find a third point orthogonal to both of them. The SPIN axiom implies exactly one of them is colored 1, so they cannot both be colored 1. Similarly, given three pairwise orthogonal vectors in the system, the SPIN axiom implies exactly one of them is colored 1. Hence there would be a 010-coloring of the KS system, quod non. Therefore a deterministic non-contextual theory cannot satisfy the SPIN Axiom.
The KS system proposed by Kochen and Specker contained 117 points [7] . Penrose and Peres [10] independently found a smaller system of 33 points. The current record is the 31 point system of Conway [11, p. 197] . As pointed out by [3, 2] , finding small KS systems is of both theoretical and practical interest. In public lectures, Conway himself, stressed the search for small KS systems. [9] 
Overview
In [2] Arends, Ouaknine and Wampler (AOW) give a computer aided proof that a KS system must have at least 18 vectors. We improve their lower bound and show that a KS system must have at least 22 vectors.
First, in Subsection 1.3, we repeat a part of AOW's work, in particular the reduction of KS systems to graphs. The bottleneck of their search was the sheer number of graphs and the deciding whether such graphs are embeddable. In Section 2, we improve upon their reduction, to cut down the number of graphs to consider drastically, and state the results of our main computation. Finally, in Section 3, we describe our practical embeddability test.
The software and results of the various computations performed for this paper, can be found here [15] .
Kochen-Specker graphs
We follow [2] and reduce the search for Kochen-Specker systems to the search of a certain class of graphs. First note that in a Kochen-Specker system we may replace a point with its antipodal point. They are both orthogonal to the same points and hence the non-010-colorability is preserved. Therefore, we may assume antipodal points are identified on the sphere. The squarefreeness is a considerable restriction. There are only ∼10 10 non-isomorphic squarefree graphs on 17 vertices. [13] Next, we show we can restrict ourselves to connected graphs.
Proposition 8 ([2]). A minimal Kochen-Specker graph is connected.
Proof. Suppose G is a non-connected Kochen-Specker graph. Then one of its components is not 010-colorable. As a subgraph of an embeddable graph, is embeddable, this component is embeddable as well. Hence it is a smaller connected Kochen-Specker graph.
The gain, however, is small. There are only ∼10 9 non-isomorphic squarefree graphs on 17 vertices that are not connected. In our computations, checking for connectedness required more time than would be gained by reducing the number of graphs.
We have verified the main result of [2]:
Computation 9. There is a unique non-010-colorable squarefree connected graph on 17 or less vertices:
It is not embeddable, as the graph in Figure 2 is an unembeddable subgraph. For our proof, see Proposition 22. Hence a Kochen-Specker system has at least 18 points.
An improved lower bound
Continuing the effort of Arends, Ouaknine and Wambler, we consider another restriction.
Proposition 10. A minimal Kochen-Specker graph has minimal vertex-order three. That is: every vertex is adjacent to at least three other vertices.
Proof. Given a minimal Kochen-Specker graph G. Suppose v is a vertex with order less than or equal 2. There are only ∼10 7 squarefree non-isomorphic graphs on 17 vertices with minimal vertex order 3. Even though Arends, Ouaknine and Wampler note this restriction once, surprisingly, they did not restrict their graph enumeration to graphs with minimal vertex order 3.
We continue with a strengthening of Proposition 8.
Proposition 11. A minimal Kochen-Specker graph is edge-biconnected. That is: removing any single edge leaves the graph connected.
We need some preparation, before we can prove this Proposition.
Definition 12. Given a graph G and a vertex v of G. We say, v has fixed color c (in G), if G is 010-colorable and for every 010-coloring of G, the vertex v is assigned color c.
We are interested in these graphs because of the following observation.
Lemma 13. If there is an embeddable graph G on n vertices with a vertex with fixed color 1, then there is a Kochen-Specker graph on 2n vertices.
Proof. Let G be a graph and v a vertex of G with fixed color 1. Consider two copies of the graph G. Connect the two instances of v with an edge. Call this graph G ′ . Clearly, G ′ is not 010-colorable. We need to show G ′ is embeddable. Given an embedding S of G. We may assume that the point in S corresponding to v is the north pole. Furthermore, we may assume that there is no point on the x-axis, by rotating points along the north pole. Let S ′ be S rotated 90 degrees along the y-axis. Some points of S and S ′ might overlap. That is: there might be a point s in S and s ′ in S ′ that are equal or antipodal. Observe that if no points of S ′ and S overlap, then S ∪ S ′ is an embedding of G ′ .
Suppose there are points in S ′ and S that overlap. Note that the north pole (and south pole) is not in S ′ . Let S ′′ be S ′ rotated along the north pole at some angle α. There are finitely many angles such that there are overlapping points. Thus there is an angle such that S ∪ S ′′ is an embedding of G ′ .
Unfortunately, these graphs are not small.
Computation 14.
There are no embeddable graphs with fixed color 1 on less than 17 vertices. 6 We are ready to prove that a minimal Kochen-Specker graph is edge-biconnected. We can go one step further.
Proposition 15. A minimal Kochen-Specker graph is edge-triconnected. That is: removing any two edges keeps the graph connected.
Again, we need some preparation for the proof. First, we generalize the notion of fixed color.
Definition 16. Given a graph G together with selected vertices v 1 , . . . , v n ∈ G. Let C(G) denote the set of 010-colorings of G. The type t of (v 1 , . . . , v n ) (in G) is the set of all possible ways {v 1 , . . . , v n } can be colored. That is: t = {(c(v 1 ), . . . , c(v n )); c ∈ C(G)}. A type of n vertices is called an n-type.
Example 17.
• The triangle has 3-type {(1, 0, 0), (0, 1, 0), (0, 0, 1)}.
• Every vertex in a Kochen-Specker graph has type / 0.
• A vertex v has the 1-type {(1)} in G if and only if it has fixed color 1 in G.
Just as verteces with fixed color are rare, we are interested in types, because most types do not occur in small graphs.
Computation 18.
We have enumerated all embeddable graphs of less than 17 vertices and determined a lower bound at which a particular 1-or 2-type occurs, omitting the trivial types {(0), (1)} and {(0, 0), (0, 1), (1, 0), (1, 1)}. 7 1/2-type #G
The type {(0, 0), (1, 0), (0, 
A B
Suppose it is not edge-triconnected. Then it splits into two graphs A and B together with verteces a 1 , a 2 ∈ A and b 1 , b 2 ∈ B such that (a 1 , b 1 ) and (a 2 , b 2 ) are the only edges between A and B. Note that A and B must be 010-colorable, for otherwise G would not be a minimal Kochen-Specker graph. The computation was distributed on approximately 300 CPU cores and took roughly three months. It was executed as follows. We enumerated all squarefree graphs with minimal vertex order 3 on less than or equal 21 vertices, using the geng util of the nauty software package, which uses the isomorphism-free exhaustive generation method of McKay [8] . The output of geng, we passed through a custom heuristic backtracker written in C++ to decide 010-colorability of these graphs.
Embeddability
Our computation has yielded over nine-thousand non-010-colorable graphs. If we show one of them is embeddable, we have found a new KS system. If we demonstrate all of them are not embeddable, we have proven a lower bound on the size of a minimal KS system.
In [2] , Arends, Wampler and Ouaknine discuss several computer-aided methods to test embeddability of a graph. None of these methods could decide for all graphs considered, whether they were embeddable or not. Figure 2 : One of the two minimal non-embeddable graphs
We propose a new method, which for all graphs we considered, could decide whether they were embeddable or not. First we give a pen-and-paper example. Figure 2 is not embeddable.
Proposition 22. The graph in
Proof. Suppose it is embeddable. Consider p 1 . It is orthogonal to both a and v. Since a and v are not collinear, p 1 must be collinear to v × a, the cross-product of v and a. Similarly, p 2 is collinear to v × p 1 = v × (v × a). Continuing in this fashion, we see that
Now, we may assume that z = (0, 0, 1) and x = (1, 0, 0).
8 Source code at code/comp6 of [15] . Since v and w are not collinear, we have by Cauchy-Schwarz | v, w | < 1. Now we find the contradiction:
In the previous proof, we fixed, without loss of generality, the position of a few vertices. Then we derived cross-product expressions for the remaining vertices. Finally, we find an equation relating some of the cross-product expressions and show it is unsatisfiable. We can automate this reasoning as follows.
while there are unassigned vertices do pick an unassigned vertex v assign V (v) = v mark v as free 5: while there are unassigned vertices adjacent to two different assigned vertices do pick such a vertex w adjacent to the assigned w 1 and w 2 assign V (w) = V (w 1 ) ×V (w 2 ) mark edges (v, w 1 ) and (v, w 2 ) as accounted for end while 10: end while for each pair of vertices
is not an edge then record requirement: "V (v 1 ) is not collinear to V (v 2 )" end if 15: end for for each edge (v 1 , v 2 ) not accounted for do record requirement: "V (v 1 ) is orthogonal to V (v 2 )" end for At two points in the algorithm, there is a choice which vertex to pick. Depending on the vertices chosen, the number of recorded requirements and free points may significantly vary. By considering all possible choices, one can find the one with least free points.
The requirements can be mechanically converted to a formal sentence in the language of the real numbers. This sentence is true if and only if the graph is embeddable. Famously, Tarski proved [14] that such sentences are decidable. His decision procedure has an impractical complexity. However, its practical value has been improved by, for instance, the method of cylindrical algebraic decomposition [4] . We have used the redlog [6] package of the reduce algebra system, which implements a variant of Tarski's quantifier elimination. 9 Different assignments give different sentences. In our tests, some assignments would yield sentences that were decided within milliseconds, whereas another assignment with less free vertices would yield a sentence that could not be decided (directly). Therefore, when determining embeddability of a graph, we try several assignments in parallel.
In this way, there were still a few (010-colorable) graphs of which we could not decide embeddability. With some guessing, we determined embeddings for these graphs by hand. Once we knew the troublesome graphs were embeddable, we adapted the algorithm, as to guess for some assignments the position of one of the vectors. If the corresponding sentence turns out false, we know nothing. However, if the sentence is true, we know the graph is embeddable.
With this method, we have decided in a day the embeddability of every squarefree graph with minimal vertex order three of less than 15, except for one. 10 
Conclusion and future research
Arends, Ouaknine and Wampler struggled with two problems: enumerating candidate graphs of less than 31 vertices and testing their embeddability. We have verified most of their computations. Then we enumerated all candidate graphs up to and including 21 vertices. Furthermore, we have proposed a new decision procedure, which was able to decide embeddability for all candidate graphs we found. Therefore, we demonstrate: a Kochen-Specker system must have at least 22 points. 12 Enumerating all candidate graphs of less than 31 vertices is computationally infeasable. To bridge the enormous the gap between 22 and 31, requires a new insight. For instance: another restriction on which graphs to consider.
The Reader, interested in pursuing this line of research, is encouraged to read the master thesis [1] of Arends, in which he discusses in detail several other properties that a minimal KS system must enjoy, as well as some failed attempts. 10 A list of all squarefree graphs with minimal vertex order three of less than 15 vertices together with their embeddability can be found here: http://kochen-specker.info/smallGraphs/. The graph for which we could not determine embeddability can be found here: http://kochen-specker.info/smallGraphs/4d4b3f4b3f603f47414641654953625f3f.html.
11 A list of these graphs together with their unembeddable subgraphs, can be found here: http://kochen-specker.info/ candidates/. The source code for this computation can be found at code/comp2.py of [15] . 12 The authors have a wager whether there is a minimal KS system of less than 25 vertices.
